This paper describes a mathematical model that relates age to the volume of the thyroid gland, given in milliliters, of adolescents based on data from a 1997 study by the World Health Organization (W.H.O.) (World Health Organization, 1997). Using the upper limit per age group provided by the data, a model was constructed through integration of the second derivative of the data for males and females, ages 6-15. It was concluded that the upper limit for the thyroid volume could be expressed by one of two second order polynomial equations, depending on gender, with any values significantly larger than those predicted by the model being potential indicators of hyperthyroidism.
PROBLEM STATEMENT
As thyroid volume changes with age, making it difficult to diagnose hyperthyroidism in adolescents, developing a mathematical model that can be used to predict the upper limits of thyroid volume, based on a patient's age, can be a useful tool in the early detection of the disease.
MOTIVATION
Hyperthyroidism, or an overactive thyroid, is a disease in which the thyroid gland of the affected person secretes more thyroid hormone than normal, resulting in "nervousness, irritability, increased sweating, heart racing, hand tremors, anxiety, difficulty sleeping, thinning of [one's] skin, fine brittle hair and weakness in [one's] muscles" (American Thyroid Association (n.d.)). Typically, this can be diagnosed by determining if the thyroid volume is above average size, approximately 18.6 mL with upper limit being 23.1 mL (Hegedüs et al., 1983) . It can be difficult to tell if the thyroid of an adolescent is enlarged with respect to the age, due to the constant growing process that characterizes this phase of human life. The graph of each data set looks like portion of a parabola, therefore it is reasonable to model each graph by means of quadratic polynomials, denoted ( ) and ( ). To develop a model for each data set one could use the standard polynomial regression to find the best parabola, however we prefer an elementary approach based on averaging. First, we determine the rate of change between each of the data points, so to use it to compute the average rate of change. This process is roughly "equivalent" to approximating the first derivative for the modelling function. Then the average rate of change previously found is in turn averaged, giving the second derivative (in approximation) for the polynomial model. By direct inspection of the Once the second derivative is determined, it is integrated to yield an equation for the first derivative. This equation is then set to the respective value for the first derivative, so to determine the integration constant, indicated by c. The average c value is then taken, to obtain -1.18472 and 0.445833 for males and females respectively.
MATHEMATICAL DESCRIPTION AND SOLUTION APPROACH
We use the following steps to obtain the suitable equation for the derivative of the polynomial function associated to the male set, ′ ( ):
With the equation of the first derivative and its constant determined, it is then integrated to yield the equation for the model of the gender under consideration with a new integration constant, k. The constant is solved for in a similar fashion, by taking the average k for each age, with f(x) being equal to the average upper limit of thyroid volume for the gender. The average upper limit of thyroid volume is 9.31 for males and 10.09 for females. The k value is 8.4181 for males and 0.9650035 for females. Once the value for k is determined, then the model for the expected upper limit of the thyroid volume can be determined as a function of age, ( ). We use equation (1) 
In a similar way we obtain the quadratic polynomial for females ( ):
( ) = 0.0375 2 + 0.445833 + 0.9650035.
The additional equations for females are included in Appendix C. A brief account on the algorithm used to approximate a function in this manner is given in Appendix D. (2) while the function for females ( ) is given in (3), with x being the age in years. As seen in Figure 4 of Appendix E and the graphs of Appendix F, both models accurately predict the values for the upper limit of the thyroid volume when compared to the data obtained by the W.H.O. While these models only apply, in principle, starting at an age of 6 years, they can be extended to an age of 18 years, as the predicted values fall near the upper limit of thyroid volume for adults of 23.1 mL (Hegedüs et al., 1983) .
These models allow an easy way to determine if an adolescent has hyperthyroidism by comparing the volume of their thyroids usually obtained through an ultrasound procedure, to the predicted volume for their age. If the obtained volume is significantly higher than the volume predicted by the model, then it likely indicates a case of hyperthyroidism.
CONCLUSIONS AND RECOMMENDATIONS
From our analysis we conclude that one can indeed model the upper limit for the volume of the thyroid in an adolescent based on the age of the patient. This is different by gender, with the model for males being ( ) = 0.1125 2 − 1.18472 + 8.4181 and the model for females being ( ) = 0.0375 2 + 0.445833 + 0.9650035, with x being the age of the patient in years. These models are based on data extrapolated from the W.H.O., which displays the upper limit of thyroid volume for ages 6-15 for males and females. These models can therefore only be reliably used beginning at age 6. As seen in Figure 4 of Appendix E, these models can be extended to age 18, as the results for both genders fit into the average age range for an adult thyroid.
It is recommended to use these models as an indicator of suspected hyperthyroidism, not as a definitive diagnosis. Other tests should be performed to verify any suspicion predicted by these models. 1. Determine the value of the first derivative by finding an average rate of change value for the data set. This can be done by finding the individual rates of change between data points, then averaging them.
NOMENCLATURE

Figure 3b
2. Determine the value of the second derivative by finding an average rate of change value for the previously found rate of changes. For example, to find the rate of change of the rate of change from groups 1 to 2 and groups 2 to 3, subtract the rate of change from groups 1 to 2 from that of 2 to 3. This process is then repeated, and the average is then taken.
3. Using this calculated value of the second derivative, integrate to find the formula of the first derivative.
4. Using the formula for the first derivative and the previously calculated value of the first derivative, solve for the average value of the constant, c, that appears when integrating.
To do this, set the x value of the equation to each respective x value of the data set, then find the average of these values. 
